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xamination of surface roughness on light scattering
y long ice columns by use of a two-dimensional
inite-difference time-domain algorithm

enbo Sun, Norman G. Loeb, Gorden Videen, and Qiang Fu

Natural particles such as ice crystals in cirrus clouds generally are not pristine but have additional
microroughness on their surfaces. A two-dimensional finite-difference time-domain �FDTD� program
with a perfectly matched layer absorbing boundary condition is developed to calculate the effect of surface
roughness on light scattering by long ice columns. When we use a spatial cell size of 1�120 incident
wavelength for ice circular cylinders with size parameters of 6 and 24 at wavelengths of 0.55 and 10.8 �m,
respectively, the errors in the FDTD results in the extinction, scattering, and absorption efficiencies are
smaller than �0.5%. The errors in the FDTD results in the asymmetry factor are smaller than �0.05%.
The errors in the FDTD results in the phase-matrix elements are smaller than �5%. By adding a
pseudorandom change as great as 10% of the radius of a cylinder, we calculate the scattering properties
of randomly oriented rough-surfaced ice columns. We conclude that, although the effect of small surface
roughness on light scattering is negligible, the scattering phase-matrix elements change significantly for
particles with large surface roughness. The roughness on the particle surface can make the conven-
tional phase function smooth. The most significant effect of the surface roughness is the decay of
polarization of the scattered light. © 2004 Optical Society of America

OCIS codes: 010.0010, 290.0290, 010.1310, 030.5770, 290.5850, 290.5890.
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. Introduction

irrus clouds have an important influence on climate
hrough their effects on radiative transfer. Regularly
overing �20–30% of the globe, cirrus clouds are com-
osed of almost exclusively nonspherical ice crystals of
arious shapes.1 Although in theoretical studies and
ractical applications the ice crystals in cirrus clouds
re usually assumed to be smooth-surfaced particles,
uch as spheres, spheroids, hexagonal columns, circu-
ar plates, and bullet rosettes, natural ice crystals in
irrus clouds generally are not pristine but have addi-
ional microroughness on their surfaces. In a study
or scattering and polarization of light by rough and
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orous interstellar grains, Perrin and Sivan2 noted
hat surface roughness cannot be neglected, in partic-
lar in a spectral domain where the grains are not very
mall compared with the wavelength.

Light scattering by spherical or spheroidal grains
ith surface or inside defects was also studied by
aidya and Gupta3 and Chamaillard and Lafon.4
hey used the discrete dipole approximation5 for in-
erstellar dust or water–ice particles. The size pa-
ameters that they worked on are not larger than
1.0. Several studies have been conducted for light

cattering by deformed spheres.6–10 However, these
tudies generally concentrate on the effects of particle-
hape irregularity. The conclusions derived from
hese studies do not necessarily represent those for
egular particles with additional microroughness on
heir surfaces.

The primary limitations in the calculation of light
cattering by irregular particles are computer mem-
ry and CPU time. Numerical calculation of light
cattering by three-dimensional �3-D� particles with
urface roughness can be costly or even impractical
hen particles are larger than the wavelength. In

his study we develop a two-dimensional �2-D� finite-
ifference time-domain11–16 �FDTD� light-scattering
odel with a perfectly matched layer17 �PML�, ab-
20 March 2004 � Vol. 43, No. 9 � APPLIED OPTICS 1957
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orbing boundary condition �ABC� to study the effect
f surface microroughness on light scattering and ab-
orption by long circular ice columns. In Section 2
he 2-D PML FDTD light-scattering model is intro-
uced. In Section 3 the 2-D PML FDTD model is
alidated by the analytic method. In Section 4 ap-
lications of the 2-D PML FDTD model to long circu-
ar ice columns with pseudo-random surface

icroroughness is presented. Summary and conclu-
ions are in Section 5.

. Two-Dimensional PML FDTD Light-Scattering
odel

n this section we develop a 2-D FDTD program with
PML ABC to calculate the effect of surface rough-

ess on light scattering and absorption by long ice
olumns. We assume an arbitrarily polarized
ormal-incident light. In the 2-D FDTD formula-
ions the arbitrarily polarized light can be decom-
osed into TM and TE components, e.g., the FDTD
orrespondences of source-free Maxwell’s equations
or TM polarized light can be written as

x
n�1�2�i, j � 1�2� � Hx

n�1�2�i, j � 1�2�

�
�t

��i, j��s
�Ez

n�i, j � 1�

� Ez
n�i, j�	, (1a)

y
n�1�2�i � 1�2, j� � Hy

n�1�2�i � 1�2, j�

�
�t

��i, j��s
�Ez

n�i � 1, j�

� Ez
n�i, j�	, (1b)

Ez
n�1�i, j� � exp��

εi�i, j�
εr�i, j�


�t�Ez
n�i, j�

� exp��
εi�i, j�
εr�i, j�


�t�2�
�

�t
εr�i, j��s

� �Hy
n�1�2�i � 1�2, j�

� Hy
n�1�2�i � 1�2, j�

� Hx
n�1�2�i, j � 1�2�

� Hx
n�1�2�i, j � 1�2�	, (1c)

here Hx, Hy, and Ez denote the magnetic and the
lectric-field components, respectively; the super-
cript n denotes the time step; 
 is the angular fre-
uency of the light; � is the local permeability; εi and
r are the local imaginary and real permittivity, re-
pectively; �t and �s are time and space increments,
espectively. In this study, to satisfy the Courant–
riedrichs–Levy conditions for the stability of the
umerical scheme,12 we set �t � 0.5�s�c, where c
enotes the light speed in free space. The accuracy
f the FDTD results depends highly on the space
ncrement �s. In this study, to resolve the small-
oughness features on the particle surface, we set
958 APPLIED OPTICS � Vol. 43, No. 9 � 20 March 2004
s � ��120 if not specified, where � is the wavelength
n free space.

We use the total- and scattered-field formula-
ion13–16,18,19 on a closed rectangular curve around
he scatterer to implement a plane incident wave in
he 2-D FDTD grid. As shown in Fig. 1, e.g., for
M-polarized incident light, the wave source is
dded to the field components as follows19:
At the face �i � ia, . . . , ib; j � ja�,

Hx
n�1�2�i, ja � 1�2� � Hx

n�1�2�i, ja � 1�2���1a�

�
�t

�0�s
Ez,inc

n �i, ja�, (2a)

Ez
n�1�i, ja� � Ez

n�1�i, ja���1c�

�
�t

ε0�s
Hx,inc

n�1�2�i, ja

� 1�2�. (2b)

t the face �i � ia, . . . , ib; j � jb�,

Hx
n�1�2�i, jb � 1�2� � Hx

n�1�2�i, jb � 1�2���1a�

�
�t

�0�s
Ez,inc

n �i, jb�, (2c)

Ez
n�1�i, jb� � Ez

n�1�i, jb���1c�

�
�t

ε0�s
Hx,inc

n�1�2�i, jb

� 1�2�. (2d)

t the face �i � ia; j � ja, . . . , jb�,

Hy
n�1�2�ia � 1�2, j� � Hy

n�1�2�ia � 1�2, j���1b�

�
�t

�0�s
Ez,inc

n �ia, j�, (2e)

Ez
n�1�ia, j� � Ez

n�1�ia, j���1c�

�
�t

ε0�s
Hy,inc

n�1�2�ia

� 1�2, j�. (2f)

ig. 1. Geometries of the incident direction and the closed rect-
ngular interface of the total field and the scattered field.
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t the face �i � ib; j � ja, . . . , jb�,

Hy
n�1�2�ib � 1�2, j� � Hy

n�1�2�ib � 1�2, j���1b�

�
�t

�0�s
Ez,inc

n �ib, j�, (2g)

Ez
n�1�ib, j� � Ez

n�1�ib, j���1c�

�
�t

ε0�s
Hy,inc

n�1�2�ib � 1�2, j�.

(2h)

ote that, in Eqs. �2�, ε0 and �0 are the permittivity
nd the permeability of free space, respectively;
Hx

n�1�2�i, j � 1�2���1a�, Hy
n�1�2�i � 1�2, j���1b�, and

Ez
n�1�i, j���1c� denote the magnetic- and the electric-

eld components directly from Eqs. �1a�–�1c�, re-
pectively. The incident-field components Ez,inc

n ,
x,inc
n�1�2, and Hy,inc

n�1�2 are from the linear interpolation
f the fields produced by an auxiliary one-
imensional FDTD scheme.19 The incident fields
imulated by the one-dimensional FDTD scheme
an be decomposed into components in the x, y, and
directions corresponding to the incident angle �

hown in Fig. 1. In practice, calculations of light
cattering by randomly oriented �only in the x–y
lane for the 2-D case� long columns are realized by
arying the incident angle � in a reasonable incre-
ent.
To truncate the computational domain, the 2-D

ML ABC developed by Berenger17 is implemented
n the program. The PML creates a nonphysical ab-
orbing layer adjacent to the outer grid boundary
ith introduction of artificial conductivities and the

plitting of electric- or magnetic-field components
nto subcomponents, e.g., for TM-polarized incidence
he electric component Ez is split into two subcompo-
ents Ezx and Ezy, the field updating equations in the
ML can be given as follows17:

x
n�1�2�i, j � 1�2�

� exp���y*� j � 1�2��t��0	

� Hx
n�1�2�i, j � 1�2�

�
1 � exp���y*� j � 1�2��t��0	�

�y*� j � 1�2��s

� �Ez
n�i, j � 1� � Ez

n�i, j�	, (3a)

y
n�1�2�i � 1�2, j�

� exp���x*�i

� 1�2��t��0	Hy
n�1�2�i � 1�2, j�

�
1 � exp���x*�i � 1�2��t��0	�

�x*�i � 1�2��s

� �En�i � 1, j� � En�i, j�	, (3b)
z z
Ezx
n�1�i, j� � exp���x�i��t�ε0	Ezx

n �i, j�

�
1 � exp���x�i��t�ε0	�

�x�i��s

� �Hy
n�1�2�i � 1�2, j�

� Hy
n�1�2�i � 1�2, j�	, (3c)

Ezy
n�1�i, j� � exp���y� j��t�ε0	Ezy

n �i, j�

�
1 � exp���y� j��t�ε0	�

�y� j��s

� �Hx
n�1�2�i, j � 1�2�

� Hx
n�1�2�i, j � 1�2�	, (3d)

Ez
n�1�i, j� � Ezx

n�1�i, j� � Ezy
n�1�i, j�, (3e)

here �x and �y denote electric conductivities and �x*
nd �y* denote magnetic conductivities in the x and
he y directions, respectively. It is well known that
f the electric and magnetic conductivities match, i.e.,
�ε0 � �*��0, a plane wave can propagate normally
cross the interface between the free space and the
ML without any reflection. In this study the con-
uctivities are of the form17

���� � �m��

d�
f

, (4)

here � denotes the grid point position in the PML, d
enotes the thickness of the PML, and f is set to 2.5
n this study.20 The �m in Eq. �4� can be derived
rom a reflection factor:

R�0� � exp��2��n � 1�	��m d�ε0 c��. (5)

he reflection factor R�0� is an important user-input
arameter. In this study R�0� is set to be 10�5 for all
he numerical computations.

The incident wave is assumed to be a Gaussian
ulse.12,16 With time-step marching this plane-
ave pulse propagates and interacts with the scat-

erer within the total-field region enclosed by the
ectangular curve illustrated in Fig. 1. Outside this
otal- and scattered-field interface, only scattered
elds exist. The near fields in the frequency domain
re obtained from the FDTD-produced time series
hrough the discrete Fourier transform at each grid
oint. The single-scattering properties including
he extinction, scattering, and absorption cross sec-
ions and the scattering phase functions are calcu-
ated by using the near fields in frequency domain.

To calculate the single-scattering properties, we
onsider a normal slice of the column with unit thick-
ess. For normal incidence there should not be any
ave passing through the two sides of the slice.
herefore for this unit-thickness space the volume

ntegral formulations of the single-scattering proper-
ies derived in the 3-D FDTD light-scattering mod-
ls13,16 can be transformed into 2-D area integral
20 March 2004 � Vol. 43, No. 9 � APPLIED OPTICS 1959
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ormulations. The absorption cross section for a
lice of the column of unit thickness is

�a �
k

�E0�2 ��
s

εi���E��� � E���d2�, (6)

here k is the wavenumber and s denotes the area of
he column cross section, E��� is the total electric field
t a position denoted by vector � on the 2-D slice, the
sterisk denotes the complex conjugate, and �E0� is
he amplitude of the incident electric field. Note
hat in Eq. �6�, for TM incidence, �E0�2 � �Ez,inc�

2 and
� �0, 0, Ez�; for TE incidence, �E0�2 � �Ex,inc�

2 �
Ey,inc�

2 and E � �Ex, Ey, 0�. If the unit incident
lectric-field amplitude is assumed, the absorption
ross sections for TM and TE incidence, respectively,
re

�a,TM � k ��
s

εi��� Ez��� Ez*���d2�, (7a)

�a,TE � k ��
s

εi����Ex��� Ex*��� � Ey��� Ey*���	d2�.

(7b)

herefore for unpolarized incident light the absorp-
ion cross section per unit length is

�a �
1
2

��a,TM � �a,TE�. (8)

he volume integral form of the scattered field in 3-D
pace13,16 can also be transformed into 2-D area in-
egral formulations as

Es�R� � ��
s

G�R, ���k2II � ����� � �P�ε0�d
2�,

(9)

here G�R, �� is the 2-D Green’s function and II is the
nit dyad. The 2-D Green’s function can be ex-
ressed in a far-field limiting form as19

G�R, �� �
i3�2

�8�k�1�2

exp�ik�R � ���
��R � ���1�2 . (10)

rom Eq. �9� the nonzero elements of the amplitude
cattering matrix are derived in forms

s1 �
i3�2k2

�8�k�1�2 ��
s

�1 � ε����ε0	Ez exp��ikr � ��d2�,

(11a)

s2 �
i3�2k2

�8�k�1�2 ��
s

�1

� ε����ε0	a � �Ex, Ey�exp��ikr � ��d2�, (11b)

here r denotes the unit vector in the scattering
irection and a denotes the unit vector perpendicular
960 APPLIED OPTICS � Vol. 43, No. 9 � 20 March 2004
o r in the scattering plane as shown in Fig. 2. In
q. �11b� �Ex, Ey� is the electric vector with compo-
ents Ex and Ey.
The unpolarized scattering cross section per unit

ength is from the integral of the scattered intensity
round the column, which is

�s � �
0

2�
1
2 �s1 s1* � s2 s2*�d�, (12)

here � is the scattering angle as shown in Fig. 2.

. Validation of Method

e validate our methodology through a comparison
f our numerical results with those obtained from an
nalytic solution of the scattering from an infinitely
ong circular cylinder of radius a. Tables 1 and 2
how the single-scattering properties of two circular
ylinders with size parameters of 6 and 24, respec-
ively, calculated by the analytic solution and the
DTD method. The refractive index of ice at a wave-

ength of 0.55 �m �m � 1.311� is used in Table 1, and
he refractive index of ice at a wavelength of 10.8 �m
m � 1.4717 � 0.3890i� is used in Table 2. We see
hat the FDTD results agree well with the analytic
esults in both tables. The errors in the FDTD re-
ults in the extinction efficiency Qe, scattering effi-
iency Qs, and absorption efficiency Qa are smaller
han �0.5%. The errors in the FDTD results in
symmetry factor g are smaller than �0.05%. As an
xample, Fig. 3 shows a comparison of four indepen-
ent phase-matrix elements for a circular cylinder
ith a refractive index of 1.4717 � 0.3890i and a size
arameter of 24 calculated by the analytic solution
nd the FDTD method. We can see that the two

Table 1. Single-Scattering Properties of a Cylinder with a Refractive
Index of 1.311

Method

x � 6 x � 24

Qs g Qs g

Analytic 3.81085 0.91645 2.15320 0.87274
FDTD 3.80545 0.91642 2.15468 0.87423

ig. 2. Geometries of the incident direction, the unit vector in the
cattering direction, and the unit vector perpendicular to the scat-
ering direction.
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esults agree well. The errors in the FDTD results
n these elements are smaller than �5%.

. Application to Particles with Pseudorandom Surface
oughness

he motivation for this research is to study the effect
f roughness on ice crystals. Cirrus ice particles of-
en do not resemble pristine hexagonally shaped crys-
als but often have a roughness due to secondary
rystals located on their surfaces. The microrough-
ess associated with cirrus ice crystals is poorly char-
cterized. Our overly simplified model of the
urface roughness is to use a normally distributed
eviate rn with zero mean and unit variance to mod-
fy the surface of a cylindrical crystal. A 2-D particle
urface can be represented by a radius vector r�R, ��,
here R denotes the length and � denotes the direc-

ion of the radius. In this study we assume that the
-D particle surface is constructed by a straight-line
onnection of the ends of 120 radius vectors r�R, ��
tarting from one origin, as shown in Fig. 4. The
ength and the direction of each radius vector are
seudorandomly given as

R�m� � a�1 � rn�m, s � 1��	, (13a)

��m� �
m�

60
� rn�m, s � 2�

�

180
, (13b)

here � denotes the maximum deviation of the col-
mn from a cylinder with a radius of a and s is the

ig. 3. Comparison of the elements of the scattering phase matrix
rom analytic and the FDTD solutions for an infinitely long circular
ylinder with a refractive index of 1.4717 � 0.3890i and a size
arameter of 24.

Table 2. Single-Scattering Properties of a C

Method

x � 6

Qe Qs Qa

Analytic 2.21900 1.11632 1.10268 0.
FDTD 2.22236 1.11707 1.10529 0.
eed for the random number series, m � 0, 1, 2, . . . ,
20, which is the index number assigned to each
ndividual radius vector. The seed s determines a
eries of 120 random numbers, and the index number

helps to select an individual number from the se-
ies. For this rough-surfaced column we define its
ize parameter by using the mean radius a, i.e., x �
�a��. The accuracy of the FDTD results is deter-
ined by the spatial cell size. To examine whether

he spatial cell size used in this study is small enough
o resolve the tiny features of the roughness on the
olumn surface, we calculate the light scattering by
he column using the FDTD program with different
patial cell sizes. Figure 5 shows the comparison of
cattering phase-matrix elements from the rough-
urfaced ice column shown in Fig. 4 computed by the
DTD method with spatial cell sizes of ��60 and
�120, respectively. In these calculations the size
arameter of the column is 24 and the refractive
ndex of the column is 1.311. The incident direction
s a reverse x direction �� � 0°�. It shows that the
esults from the FDTD with a spatial cell size of ��60
atch very well with those from the FDTD with a

patial cell size of ��120, which means that the spa-
ial cell size of ��120 is good enough for the FDTD
imulation of the light scattering by the rough-
urfaced column shown in Fig. 4.
A number of numerical simulations are made for

andomly oriented 2-D ice columns with a surface
icroroughness as in Fig. 4. In the FDTD simula-

ions the incident angle varies from 0° to 360° with an
ncrement of 10°. The scattering properties for dif-
erent incidences are averaged to get the quantities
or randomly oriented particles. Figure 6 shows a

ig. 4. Cross section of a rough-surfaced column with the maxi-
um deviation from a cylinder, � � 0.1.

r with a Refractive Index of 1.4717 � 0.3890i

x � 24

Qe Qs Qa g

3 2.10365 1.12070 0.98294 0.91670
2 2.10805 1.12276 0.98528 0.91680
ylinde

g

8980
8983
20 March 2004 � Vol. 43, No. 9 � APPLIED OPTICS 1961
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omparison of elements of the scattering phase ma-
rix from a perfect circular cylinder and randomly
riented rough-surfaced ice columns with � � 0.1. A
efractive index of 1.311 and a size parameter of 6 are
sed. We can see that the scattering matrix ele-
ents change significantly when the particle surface

s rough but still retain the general shape of the
lements for the perfect-cylinder curves because of
he approximately cylindrical shape of the particle.
or the larger-size parameter case shown in Fig. 7,
here the roughness features are comparable with

he incident wavelength, the scattering patterns are
trongly affected. The most significant change in
he scattering patterns is the decay of the structure in

ig. 5. Comparison of elements of the scattering phase matrix
rom the rough-surfaced ice column shown in Fig. 4 computed by
he FDTD method with spatial cell sizes of ��60 and ��120, where
denotes the incident wavelength in free space. The size param-

ter of the column is 24. The refractive index of the column is
.311. The incident direction is in the reverse x direction �� � 0°�.

ig. 6. Comparison of elements of the scattering phase matrix
rom a perfect circular cylinder and randomly oriented rough-
urfaced ice columns with � � 0.1. A refractive index of 1.311 and
size parameter of 6 are used.
962 APPLIED OPTICS � Vol. 43, No. 9 � 20 March 2004
he polarization matrix elements with the surface
oughness. Except in the forward-scatter region of
atrix element P33, the values tend to approach zero;

.e., the light becomes unpolarized. Similar obser-
ations of the production of unpolarized light have
een measured experimentally from rough21 and con-
aminated22 quartz fibers. From Fig. 7 we can see
hat the surface roughness of the 2-D particle could
e evaluated by using both total and polarized inten-
ity measured at different scattering angles, al-
hough further studies are needed to quantify the
oughness by using the total and polarized scattering
eatures. As an example, Table 3 shows the relative
ifferences in phase-matrix elements �PME� between
he rough-surfaced and the perfect cylinders at a
cattering angle of 170° for the case in Fig. 7. We
an see that the roughness can cause relative differ-
nces in these quantities as large as �100% at this
ypical scattering angle.

For strong absorption cases such as using the re-
ractive index of 1.4717 � 0.3890i, Figs. 8 and 9 show
hat the effect of surface roughness also alters the
cattering signals substantially. However, for both
ize parameters of 6 and 24 the dependence of the
otal and the polarized scattered intensity on scatter-
ng angle still closely follows that of perfect circular
ylinders. The effect of surface roughness on light-

Fig. 7. Same as Fig. 6 but for a size parameter of 24.

Table 3. Relative Differences in PMEs between the Rough-Surfaced
and Perfect Cylinders at a Scattering Angle of 170°

for the Case in Fig. 7

PME

�PME�rough� � PME�perfect�
PME�perfect� � � 100%

x � 6
�%�

x � 24
�%�

P11 0.4898 32.8340
P12�P11 97.0161 39.0079
P33�P11 6.4548 41.9472
P34�P11 21.5055 109.6298
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cattering quantities in Fig. 9 is different from the
onabsorbing case as shown in Fig. 7.
Although we show the results only for two size

arameters, our calculations demonstrate that for
ize parameters as high as 48, the effect of surface
oughness on PME are quite similar. However,
ompared with the change in particle shape, we found
hat the effect of roughness on the light scattering is
ather small. We tested a smaller roughness �� �
.025� in our study, and the results showed a negli-
ible effect on the scattering properties. In general,
o measure the effects of roughness, the roughness
ust be rather large.

. Summary and Conclusions

n this study we have developed a 2-D FDTD algo-
ithm with a PML ABC to calculate the effect of sur-
ace roughness on light scattering and absorption by

ig. 8. Comparison of elements of the scattering phase matrix
rom a perfect circular cylinder and randomly oriented rough-
urfaced ice columns with � � 0.1. A refractive index of 1.4717 �
.3890i and a size parameter of 6 are used.

Fig. 9. Same as Fig. 8 but for a size parameter of 24.
ong ice columns. When we use a spatial cell size of
�120 incident wavelength for ice circular cylinders
ith size parameters of 6 and 24 at wavelengths of
.55 and 10.8 �m, respectively, the errors in the
DTD results in the extinction, scattering, and ab-
orption efficiencies are smaller than �0.5%. The
rrors in the FDTD results in the asymmetry factor
re smaller than �0.5%. The errors in the FDTD
esults in the PME are smaller than �5%. By add-
ng a pseudo-random change as large as 10% of the
adius of a cylinder, we calculated the scattering
roperties of randomly oriented rough-surfaced ice
olumns. We have concluded that, although the ef-
ect of small surface roughness on light scattering is
egligible, the light-scattering characteristics change
ignificantly for particles with large surface rough-
ess. The roughness of the particle surface can
mooth the conventional phase function and can sub-
tantially reduce the polarization of the scattered
ight.
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